
Journal of Mathematical Sciences: Advances and Applications 
Volume 4, Number 1, 2010, Pages 61-72 

2010 Mathematics Subject Classification: 91A80.
 Keywords and phrases: game theory, algorithm, efficient, medical, errors, physicians. 

Received November 14, 2008 

 2010 Scientific Advances Publishers 

THE ANALYSIS OF AN EFFICIENT ALGORITHM 
BASED ON GAME THEORY APPLIED TO THE 

DETECTION OF MEDICAL ERRORS   

IGOR BALSIM and ELIE FEDER 

Department of Mathematics and Computer Science 
Kingsborough Community College 
2001 Oriental Boulevard 
Brooklyn, NY 11235 
U. S. A. 
e-mail: ibalsim@gmail.com 

Abstract 

In order to improve upon self-detection of medical errors, a medical network is 
represented as a directed tree graph. For each practitioner in the network and 
every potential error, a utility function is assigned in order to estimate the 
management risk involved in delaying the check of that error. Using this utility 
function, efficient algorithms are designed for checking all the practitioners of a 
network in a manner which minimizes the total utility cost of errors. Methods   
and principles from game theory and linear programming are utilized in the 
algorithm design. 

1. Introduction 

Human errors, both deliberate and accidental, are an inexorable part 
of all facets of human behavior. These errors are especially significant in 
the field of medical practice. Despite the fact that this problem existed 
since the beginning of medical practice, in recent years it has attracted    
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a great deal of attention and research. In the report, To Err Is Human: 
Building a Safer Health System, the Institute of Medicine (IOM) 
estimates that preventable medical errors are the eighth leading cause of 
death among Americans, causing 44,000 to 98,000 deaths each year, at 
an annual cost of approximately $17 billion [11]. 

The intricacies of this problem and the vast amount of possible 
solutions have been addressed from many different perspectives. Various 
solutions include the following ideas [1], [2], [3], [11] and [17]:                  
(i) educating medical personnel regarding the significant adverse impact 
that results from medical errors; (ii) training medical personnel in 
methods of avoiding medical errors in the first place, and in detecting and 
correcting these errors in the case that they do occur; (iii) incorporating 
defense mechanisms into the medical system to prevent errors from 
harming the patient; (iv) designing computer databases that organize and 
analyze medical data, thereby preventing human errors [15]; (v) creating 
risk management strategies [7]; and (vi) designing self-detection systems 
ensuring review by experienced practitioners. 

The goal of this article is to expand on the solution of self-detection 
systems. The creation of a hierarchical network of a medical 
organizational evaluation structure is suggested. This structure consists 
of administrators, physicians, nurses, clerks, etc., who are divided into 
several levels. The upper level consists of the medical administrators and 
head physicians, who supervise and evaluate the medical personnel 
under their guidance. The physicians at the next level, in turn, evaluate 
the practitioners below them, and so on until the bottom of the structure. 
Except for the highest and lowest levels, each person is checked by others 
above him, and simultaneously checks those under his supervision. 
Additionally, this network has a managing committee that ensures that 
everyone is performing their respective duties of supervision. This 
network is a self-evaluating system that unifies all the participants into a 
complete and all-inclusive evaluation process. The formal definition of 
this network and its representation as a directed tree graph are 
discussed in Section 2. 
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Given a network, the task of ordering the checks of its practitioners 
presents itself. The order in which these checks are performed is 
significant because: (i) time constraints limit the number of nurses that 
could be checked; (ii) negative effects of errors worsen over time; (iii) 
uncorrected errors have a tendency to recur; and (iv) errors propagate 
downward through the network. To order these checks in a manner which 
minimizes the error, a utility function is defined and assigned to each 
practitioner, relative to each error. This function gives a rough estimate 
of the risk brought about by delaying the check of a given error made by a 
given practitioner. The specifics of this function are discussed in Section 
3. 

Once the utility function is defined, an algorithm is developed to 
minimize the error by determining the most efficient order for the checks. 
Two cases are treated: (i) the probabilities of the errors are known; and 
(ii) the probabilities of the errors are unknown. The algorithm for case (i) 
is direct, while the algorithm for case (ii) is based upon principles and 
methods of game theory and linear programming. These algorithms are 
fully elucidated in Section 4. Directions of future research are presented 
in Section 5. 

2. The Network 

A network is modeled with a directed tree graph consisting of L 
different levels (See Diagram 1). Let =kN the number of medical 

personnel in the k-th level of the network. For each ,0 Lk ≤≤  and j≤0  

,kN≤  let jkD ,  denote the j-th node on the k-th level, which represents 

the j-th medical personnel on the k-th level of the network. An edge 
directed from jkD ,  to jikD ,+  indicates that jkD ,  is in charge of 

supervising ., jikD +  For each level k, let =kM the number of errors that 

the practitioners of level k are checked for. These errors are denoted by 
.,,2,1 kMEEE K  
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Diagram 1. A sample medical network represented by a directed tree 
graph. 

3. The Utility Function 

To order these checks in a manner that minimizes the total error, we 
define a utility function and assign it to each practitioner relative to each 
error. This function provides a rough estimate of the risk brought about 
by delaying the check of a given error made by a given practitioner. For 
each medical practitioner jkD ,  and error ,iE  the utility function 

( )kjiU ,,  is defined as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) .,,

,,,,,,,,,,,,,, kjiT
kjiSkjikjiRkjiFkjiCkjiWkjiU ⋅⋅⋅⋅⋅

=
Q

The functions of which the utility function is composed are defined as 
follows: 

1. ( ) :,, kjiW  Weight Function: This function measures the negative 

physical effect incurred by delaying the check of error .iE  It is measured 

from the perspective of the loss of quality of life, the loss of functionality, 
and the pain involved. Clearly, an error that causes severe damage is 
more pressing than an error which causes minor discomfort. This function 
can be obtained from the cybernetics study of public health [19], [20]. 
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2. ( ) :,, kjiC  Cost Function: This function measures the monetary 

expenses incurred by delaying the check of error .iE  Clearly, an error 
which costs a hospital millions of dollars should be checked before one 
with little financial loss. This function can be modelled from the theory of 
risk aversion [4], [9], [12]. 

3. ( ) :,, kjiF  Frequency Function: This function measures the 
number of patients the error effects. Clearly, a greater frequency creates 
a greater urgency to correct the error. 

4. ( ) :,, kjiR  Recurrence Function: This function measures the 
tendency of a given error to repeat. A high tendency to recur creates a 
strong urgency to correct. 

5. ( ) :,, kjiQ  Quality Function: This function measures the quality of 
each practitioner and his relative likelihood to make error .iE  The 
purpose of this function is to compensate for the fact that statistically 
determined error probabilities are independent of the quality and 
experience of particular practitioners. This function is carefully 
determined based upon the statistical analysis and discretion of the 
administrators of a particular network [6], [12]. 

6. ( ) :,, kjiS  Shift Function: This function measures the effect of the 
particular shift, in which a procedure is performed upon the error 
probability. For instance, it is known that procedures performed during 
shift changes, in the middle of the night, or on holidays are more likely to 
contain errors. 

7. ( ) :,, kjiT  Time Function: This function measures the amount of 
time that is necessary to check for error .iE  The significance of this 
function is based upon the realization that assuming that all other factors 
are equal, errors that take a shorter time to check should be given 
preference over errors that take a longer time to check. 

We are currently working with radiologists from the University of 
Pittsburgh Medical Center in order to define these functions precisely. 
We are collecting data regarding errors and consulting medical experts 
and literature to properly evaluate the significance of various factors in 
the effects of medical errors. Although, we have mentioned qualitative 
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factors which impact the effect of errors, assigning appropriate quantities 
to these factors within the weight function is a significant challenge, and 
requires much consideration and analysis of data. For the purposes of this 
paper, however, we will assume that the definition and values of these 
functions and the utility function are known and will describe our system 
and algorithms based upon these values. 

4. Algorithms 

The goal is to construct an algorithm that provides an efficient way of 
ordering the procedure of checking doctors in a manner, which minimizes 
the total cost. Since, errors propagate downward in a network, and an 
error at a higher level can impact all the levels below it, checking higher 
levels is given priority to checking lower levels. Within each level class, 
the utility function ( )kjiU ,,  is used to determine the order of the checks. 
In order to illustrate, the algorithms of ordering the practitioners on the 
same level, the following problem will serve as an example. 

Given. A resident is charged with checking 4 nurses for the following 
3 errors: dispensing a drug at the wrong time, serving inappropriate food, 
(i.e., bad for patient’s diet) and administering the wrong drug. 

Data. The chart below reflects the values of the utility functions of 
the nurses regarding these 3 errors. 

Question. How should the resident order the checking of the nurses 
in order to reduce the total cost of the errors? 

Solution 

Each level k is represented by a matrix M, where the rows represent 
the errors ,iE  and the columns represent the doctors ., jkD  

Utility function for: Nurse 1 Nurse 2 Nurse 3 Nurse 4 

Wrong time of drug 100 200 300 1000 

Wrong food 0 100 700 600 

Wrong drug 300 500 400 1100 
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The matrix entries are defined by the utility functions defined above, 
i.e., ( ).,,, kjiUm ji =  The goal is to define the utility function for all the 

doctors on level k and order the doctors jkD ,  in such a way that 

minimizes this utility function. The solution is divided into two methods.  

Method I 

Assume that a statistical analysis of empirical data determines that 
the probability of each type of error iE  is given by .iq  Assume that these 
probabilities will remain the same in the future. The algorithm is as 
follows: 

1. For each ,, jkD  compute the expected error ( ) ., ,
1

iji

M

i
qmjkr

k
⋅= ∑

=
 

2. Order the s', jkD  by ordering the values of ( )jkr ,  in descending 

order. Thereby those practitioners with the largest utility functions are 
checked first, and the total error is minimized. 

3. If two or more nurses have the same value for ( ),, jkr  then we 
order them lexicographically. 

Method II 

If the probabilities iq  of each iE  are not given, then an algorithm is 
constructed based upon principles from game theory. The probabilities of 
the errors are treated as objective variables independent of any particular 
doctor. Being that the statistical data is subjective, statistical data is not 
used to determine these probabilities. However, data is used to determine 
the effect of the subjective competence of the practitioner jkD ,  regarding 

error ,iE  upon the utility function, ( ).,, kjiU  

Consider the model as a two-person, zero-sum game, where the 
players are society and the forces of evil. The objective is to find a 
combination of probabilities ,iq  that minimizes the expected error [13], 
[14], and [16]. 

Let M be the matrix with elements ., jim  
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Definition. Column j dominates column l, if liji mm ,, ≥  for all i. 

Definition. An entry that is minimal for its row and maximal for its 
column is called a saddle point. This corresponds to a nurse, whose worst 
error is the least costly of all other nurses. 

To find saddle points: 

(i) For each column j, compute its maximum value, and call it .is  

(ii) Compute the minimum of all the .is  

Thus, the saddle point ( )., jiijj mMaxMinSP =  

There could be several columns with saddle points, but all the saddle 
points will have the same numeric value. Each such column is removed 
from the matrix. 

In game theory, two strategies are used: pure strategy (strictly 
determined game) and mixed strategy (non- strictly determined game). In 
a strictly determined game, the player chooses a pure strategy of only one 
particular option. 

The difficulty in applying methods from game theory to the problem 
of ordering checks for errors is that game theory determines which move 
to make, and is not concerned with the other moves. Therefore, the 
standard algorithm involves the removal of rows and columns. However, 
checking for errors demands an ordering of all the columns. Therefore, an 
algorithm is designed to order the columns of M in a way that guarantees 
that no row is removed at any stage. 

Algorithm 

Begin with the original matrix M with kM  rows and kN  columns. 

Pure strategy 

1. Check to see that none of the columns of M dominate each other. 

If one of the columns dominates the other column, then remove that 
column from M. 



THE ANALYSIS OF AN EFFICIENT ALGORITHM … 69

2. Check to find a saddle point ( )ss jiSP ,  in M. 

For each saddle point ( ),, ss jiSP  remove column sj  from M. 

Mixed strategy 

3. Use linear programming to solve for the mixed strategy solution for 
M. 

The Fundamental Theorem of Game Theory guarantees the existence 
of a solution to every two player zero-sum game. However, such a solution 
may have zeroes as some of the probabilities for the errors [14]. To solve 
this problem, the solutions are restricted by imposing a lower bound ( )ε  

on all the probabilities of the errors. Let wr  be a vector with components 

all 1’s. Let .
1

i

M

i
y

k

∑
=

=ν  The following linear programming problem must be 

considered: 

Minimize ν  subject to the constraints wyM ≥
r  and .ε≥yr  

By letting ,ε−= ii yz  this can be transformed to an equivalent 

problem: 

Minimize ν  subject to the constraints zwzM ≥
r  and ,0≥z  where 

( ) .wMIwz
r

ε−=  

In order for, this problem to be have meaning it is required that 

( )ji

M

i
Nj m

k

k ,
1

1min ∑
−

≤≤=ε  over all j.  

Additionally, ε  be small enough such that the linear programming 
generates the best approximation to the solution of the probabilities of 
the errors. 

4. Once these probabilities are obtained, apply Method I to order all 
the columns of the original matrix, including those which were removed 
because of saddle points or dominance. 
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Application of algorithm 

Consider the example of the resident charged with checking 4 nurses 
for errors ,, 21 EE  and .3E  Begin with the following matrix: 

=1E Wrong time of drug 1E  100 200 300 1000 

=2E Wrong food 2E    0 100 700 600 

=3E Wrong drug 3E  300 500 400 1100 

  1,kD  2,kD  3,kD  4,kD  

1. Nurse 2,kD  dominates over Nurse .1,kD  Therefore, column 2 is 

removed from the matrix. 

2. Column 1 has a saddle point and is, therefore, removed as well. 

3. Use linear programming on the rest of the matrix to find the 
probabilities .iq  This gives: 

( ) ( ) .18
521;875.0;18

53
321 +ε

ε−==
+ε
ε= qqq  

4. Then apply Method I to the original matrix with these .s'iq  This 
yields: 

( ) .1
625.6;1

625.6;1
375.185.1;18

1033
4321 ε+
=

ε+
=

ε+
ε−=

ε+
ε−= rrrr  

Since, ,43 rr =  the checks of nurses 3,kD  and 4,kD  must be ordered 

lexicographically. Ordering all of the s'ir  leads to the following 
conclusion. 

Conclusion. The resident should check the 4 nurses in the following 
order: .1,2,3,4, ,,, kkkk DDDD  

5. Further Research 

(1) The utility function is defined independent of the time that the 
procedure is being checked for error. Can we find the best checking 
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method while taking this factor into account? If we include into the utility 
function, the stage of the checking procedure that the j-th doctor is being 
checked, then this becomes a fixed point problem. 

(2) We have assumed a given network structure. Assuming this is not 
given, can we find the construction which minimizes the error? For 
example, how many nurses should a specific resident check, and which 
ones? 

References 

 [1] R. Amalberti, Y. Auroy, D. Berwick and P. Barach, Five system barriers to   
achieving ultrasafe health care, Improving Patient Care Annals  142(9) (2005),    
756-764. 

 [2] D. W. Bates, D. J. Cullen, N. Laird, L. A. Peterson, S. D. Small and D. Servi et al., 
Incidence of adverse drug events and potential adverse drug events, Implications for 
prevention, ADE Prevention Study Group, JAMA 274 (1995), 29-34. 

 [3] J. B. Battles and C. E. Shea, A system of analyzing medical errors to improve GME 
curricula and programs, Acad Med. 76 (2001), 125-133. 

 [4] J. O. Berger, Statistical Decision Theory and Bayesian Analysis, 2nd ed., Springer-
Verlag, New York, 1985. 

 [5] T. Casavant and M. Singhal, Readings in distributed computing systems, IEEE 
Comp. Sci. Press, Chap. 1, 5 Ca. 1994. 

 [6] M. F. Drummond, B. O’Brien, G. L. Stoddart and G. W. Torance, 2nd edition, 
Methods for the Economic Evaluation of Health Care Programmes, Oxford Medical 
Publications, NY, 1997. 

 [7] M. Green, Human Error in Medicine, Expert Law Internet, 2003. 

 [8] J. J. Horning, H. C. Laver, P. M. Melliar-Smith and B. Randell, A program   
structure for error detection and recovery, Symposium on Operating Systems   
(1974), 171-187. 

 [9] S. A. Klugman, H. H. Panjer and G. E. Willmot, Loss Models From Data to 
Decisions, John Wiley & Sons Inc., New York, 2004. 

 [10] L. T. Kohn, J. M. Corrigan and M. S. Donaldson, eds., To Err in Human: Building a 
Safer Health System, National Academic Press, Washington D. C., 2000.  

 [11] D. Kopec, M. Kabir, D. Reinharth, O. Rothschild and J. C. Castiglione, Human errors 
in medical practice: Systematic classification and reduction with automated 
information systems, Journal of Medical Systems 27(4) (2003), 297-313.  

 [12] H. C. Sox Jr., M. A. Blatt and M. C. Marton, Medical Decision Making, Butterworth 
Publ., MA., 1988. 



IGOR BALSIM and ELIE FEDER 72

 [13] S. Stahl, A Gentle Introduction to Game Theory, A. M. S. RI, 1999. 

 [14] P. D. Straffin, Game Theory and Strategy, M. A. A., Washington D. C., 1993. 

 [15] D. Sturm and R. S. Beiss, A root cause analysis interface for error reporting, ACM 
SIGCSE Bulletin 39(2) (2007), 166-170. 

 [16] P. R. Thie, An Introduction to Linear Programming and Game Theory, John Wiley & 
Sons Inc., New York, 1988. 

 [17] C. Vincent, S. Taylor-Adams and N. Stanhope, Framework for analyzing risk and 
safety in clinical medicine, BMJ 1998;316:1154-1157. 

 [18] J. Von Neuman and O. Morgenstern, Theory of Games and Economic Behavior, 
Princeton University Press, Princeton, 1947. 

 [19] M. Weinstein, J. Siegel and A. Garber et al., Productivity costs, time costs and  
health related quality of life: A response to the erasmus group, Health Econ. 6 
(1997), 505-510. 

 [20] A. B. Zhornitskii, A new method of constructive description of the basic scheme in 
medical cybernetics, Physics Doklady 38(5) (1993), 173-175, Translation from 
Russian AIP. 

 [21] J. G. Zivin, Cost-effectiveness analysis with risk aversion, Health Econ. 10 (2001), 
499-508. 

g 


